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We show that there exists an infinite sequence of sums P: a+b=c of rational
integers with large height compared to the radical: h(P)r(P)+4Kl - h(P)log h(P)
with Kl=2l2 4- 2?e>1.517 for l=0.5990. This improves the result of Stewart and
Tijdeman [9]. The value of l comes from an asymptotic bound for the packing
density of spheres. We formulate our result such that improved knowledge of l
immediately improves the value of K l .  2000 Academic Press
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sphere packing in n dimensions.
1. INTRODUCTION
For a sum P: a+b=c of relatively prime integers (called an abc sum for
short), we define the height and the radical of P as
h(P)=max[log |a|, log |b|, log |c|], (1.1)
r(P)= :
p | abc
log p, (1.2)
where p runs over all prime divisors of a, b and c.
The abc conjecture states that for all =>0 there exists a constant K such
that for all abc sums,
h(P)r(P)+=h(P)+K. (1.3)
See [1, 3, 6, 7, 913] for motivations for this conjecture, and in particular
[10] for the best known bound of the height in terms of the radical.2
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In his thesis [11], the author gave a heuristic argument that the abc
conjecture might be strengthened to
h(P)r(P)+K - h(P)log h(P), (1.4)
for some constant K>0, and that this could be best possible in the following
sense:
There exist infinitely many sums P such that
h(P)r(P)+K$ - h(P)log h(P), (1.5)
for some constant K$>0.
In this direction, it is known that for every $>0 there exist infinitely
many P with h(P)r(P)+(4&$)- h(P)log h(P) [9, Theorem 2]. This
result thus provides an upper bound for the strongest possible version of
the abc conjecture. In Section 3, we formulate and prove a stronger version
of this result, with 4&$ replaced by 6.068. But we do not get the conjec-
tured best possible result of (1.5).
Remark 1.1. For number fields k, one has the uniform abc conjecture,
see [13, p. 84] and [6, pp. 6367]. In analogy with the function field case
[7], one conjectures that K in (1.3) grows like log disc(k) as k varies. Our
result and its proof generalize without much change to general number
fields (and function fields with finite field of constants). However, this does
not give any new result, and in particular, it does not yield that inequality
(3.1) below is satisfied for infinitely many nonrational algebraic numbers in
a fixed number field. This may be an imperfection of the method that we
use to construct abc sums, and a stronger theorem for general number
fields may involve a dependence on the discriminant (or other invariants)
of k.
2. VALUATIONS, THE HEIGHT AND THE RADICAL
The field of rational numbers has one archimedean valuation v(x)=
log |x|, and for each prime number p a nonarchimedean valuation vp(x)=
&ordp(x) log p, where ordp(x) is the exponent of p in the prime factoriza-
tion of x. One has the important sum formula: v v(x)=0 for x # Q_.
(Note that compared with [8, p. 5], we take our valuations with a minus
sign. With this convention, the valuation of a number is large positive
when the number is far away from 0 in the v-adic topology.)
We write pv for the prime associated with a valuation v. In particular, we
regard  as the ‘‘prime number’’ associated with the archimedean valuation.
We set formally, log =0.
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Let v denote summation over all valuations of Q. The height of a number
x # Q is h(x)=v max[0, v(x)]. The height of a point P=(a : b : c) # P2(Q)
is defined as
h(P)=:
v
max[v(a), v(b), v(c)].
One checks that this is independent of the choice of coordinates, using the
sum formula. The radical of P=(a : b : c) # P2(k) is
r(P)= :
v: *[v(a), v(b), v(c)]2
log pv .
Choosing relatively prime integer coordinates for P, one sees that (2.1) and
(2.2) coincide with (1.1) and (1.2).
3. A LOWER BOUND IN THE abc CONJECTURE
Theorem 3.1. There exist infinitely many P=(a : b : c) # P2(Q) on the
line a+b=c such that
h(P)r(P)+4Kl
- h(P)
log h(P)
. (3.1)
Here, Kl=2l2 4- 2?e and l is any number less than 0.5990.
Proof. Let S be a finite set of valuations, containing the archimedean
valuation. Let L=[x # RS : v # S xv=0] and let Z_S =[x # Q
_ : v(x)=0
for all v  S] be the group of S-units. The group homomorphism .S(x)=
(v(x))v # S maps an element x # Z_S to the vector in R
S with components
v(x). Its kernel is [&1, 1]. By the sum formula, the image 4=.S (Z_S ) is
contained in L. Furthermore, 4 is a lattice of full rank in L. We denote its
covolume by covol 4. We define a height on L by hS(x)=v # S max[0, xv].
Then the height of x # Z_S can be written as h(x)=hS(.S(x)).
Assume v2  S and that Z_S is dense in the 2-adic units (this is true if S
contains vp for a prime number p which is \3 mod 8). For m2, we define
the subgroup Z_S, m=[x # Z
_
S : v2(x&1)&m log 2] of Z
_
S . Let 4m=
.S (Z_S, m ). Then 44m has order 2
m&2, hence the covolume of 4m is
2m&2 covol 4.
We denote s=dim L, so that S contains s+1 valuations. It is easily
verified that [x # L : hS(x)N] contains the sphere B with center O and
radius 2N- s+1. If the translates of this sphere by 4m were disjoint, then
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the packing density $ of spheres would be at least the ratio of the volume
of this sphere by the covolume of 4m . That is,
$
?s2(2N- s+1)s
(s2)! covol 4m
.
Using Stirling’s formula, we find log $s log(2N - 2?e s&1)&log covol 4
&m log 2+O(log s). Choosing m such that, for any l<0.5990,
m log 2=s log(2N - 2?e s&1)&log covol 4+s log 2l+O(1), (3.2)
we obtain log $&ls log 2+O(log s). But for large values of s this contradicts
[5] (see also [2, p. 19 and Chapt. 9]). It follows that for such values of m,
the sphere B, and a fortiori the set [x # L : hS(x)N], contains two points
y and y$ that are congruent modulo 4m . In other words, there exists
a # Z_S, m such that .S(a)= y& y$. It follows that h(a)2N. Let b=1&a
and c=1. Then a+b=c, and we estimate the height and the radical of the
point P=(a : b : c).
We have v(b)max[0, v(a)] for v{v , and v(b)max[0, v(a)]+
log 2. Thus h(P)=v # S max[0, v(a), v(b)]2N+log 2.
Note that v2(b)=v2(a&1)&m log 2, hence the contribution of v2 to
the radical is bounded by &v2(b)&(m&1) log 2. The contribution of v # S
is bounded by log pv , and that of v  S, v{v2 , by &v(b). Moreover, by the
sum formula, &v  S v(b)=v # S v(b)h(P). We conclude that r(P)
h(P)&(m&1) log 2+v # S log pv . By (3.2), we obtain
h(P)r(P)+s log(2NK 2l es
&1)&log covol 4& :
v # S
log pv+O(1). (3.3)
We now fix S to be [v] _ [vp : 3px]. Then, the number of valua-
tions in S is s+1=?(x), where ?(x) denotes the number of primes below x.
Further, 4 is spanned by the vectors
(log p, 0, ..., 0, &log p, 0, ..., 0), (for 3px),
with archimedean component log p and component &log p at the valua-
tion vp . We find covol 4=- s+1 >3px log p. By the Prime Number
Theorem [4], we have successively, s=x(log&1x+log&2 x+2 log&3 x+
O(log&4 x)),
log covol(4)=s log(log x&1)+x log&2 x+O(x log&3 x),
and v # S log pv=x+O(x log&3 x)=s(log x&1)&x log&2 x+O(x log&3 x).
Using this in (3.3), we find h(P)r(P)+s log(2NK 2l e
2x&2)+O(x log&3 x).
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When we choose N such that 2NK 2l =x
2, we find
s=2Kl
- 2N
log 2N \1+2
1&log K l
log 2N
+O(log&2 N)+ .
Thus we obtain h(P)r(P)+4Kl - 2Nlog 2N, since Kl<e.
Firstly, we see from this that h(P)&r(P) is unbounded as x  . This
means that we find infinitely many different points P as x  . Secondly,
using that 2Nh(P)&log 2, we obtain the desired bound. K
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